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COMM ENT Now we compute the frequency from the phase by getting the slope of the phase 

We do this, adding some additional smoothing in the process, by computing a least-squares fit 

of a straight line to the phase and using the slope of this line at each point as the difference of 

the actual frequency and the expected frequency of the harmonic. Again, the sums are 

computed by sliding 

EXI T: 
END; . 

SUMT ... ej 
SUMT2 ... e; 
SUMF ... ej 
SUMFT ... ej 
TIME ... ej 
TIMINC ... AVWIDTH/CLOCKj 
TSAMP ... I/CLOCKj 
HFREO ... HARMONIC*FUND; 
J ... 1.; 
L ... e: 
FOR 1 ... 1 STEP 1 UNTIL M DO 
BEGIN 

IF I>AVWIDTH THEN 
BEGIN 

SUMT ... SUMT + TEMP1 j 
SUMT2 ... SUMT2+TEMPlt2: 

END ELSE L ... L+l; 
SUMT ... SUMT+TIME; 
SUMT2 ... SUMT2+TIMEt2j 
SUMF ... SUMF+FREO[IJj 

SUMFT ... SUMFT+TEMP1; 
FSAVE[J) ... FREQ[IJj 
FTSAVE[JJ ... TIMEl; 
TIME ... TIME+TSAMP: 
IF 1$2 THEN FREQ[IJ ... HFREQ 
ELSE FREQ[I) ... HFREQ+ 

(L*SUMFT-SUMT*SUMFl/ 
((L*SUMT2-SUMTt2l*TWOPIlj 

J ... J+l; 
IF J>AVWIDTH THEN J ... 1; 

END: 
END; , 
HET ... FALSE: 
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APPENDIX B: 
ON DESIGNING DIGITAL FILTERS 

INTRODUCTION 

During' the course of this thesis, digital filters of many different varieties were used. Since the 

basis of the low-level processing is the bandpass filter, it was important to have a way of 

designing digital bandpass filters very quickly. The only closed-form solutions for filter 

coefficients that are currently known are the classical analog designs, like the Chebychev, 

Butterworth, Lagrange, Bessel, and others. In this method, we first desig'n a low-pass filter, and 

then transform it to get high-pass, bandpass, or bandstop filters. We chose to do this 
transformation in the continuous domain. The analog filter is then transformed to the digital 

domain by use of the bilinear transform. Of course, the 3dB frequenCies must have been 
alread y 'warped' before transformation to digital. 

PROCEDURE 

We, of course, will not attempt to review all of analog circuit design theory here. Two 

appropriate references are Guillemin [1957] or Karni [I966]. Neither will we review the 

bilinear transform for the generation of discrete filters from continuous. For this information, 

see Oppenheim and Schafer [1975] or Rabiner and Gold [1975]. What we would like to discuss 

are the details of what we feel to be a convenient, stable technique for numerically evaluating 

the coefficients. A II of the processing is done in factored form, that is, all the roots are kept 

separately as complex numbers. For an Nth order filter, we will have N such numbers. When we 

go to bandpass or bandstop, there will then be 2N such numbers, for each root in the original 
low-pass design will generate two roots in the bandpass or bandstop case .. 

Each of these filters accept the following as design information: the frequency of the 3dB point 
(in the bandpass and bandstop cases, the frequenCies of both SdB points are reqUired), the 
order of the filter (in bandpass and bandstop cases, this number will be doubled), and the type 

of the filter. Currently, only Butterworth and Chebychev at .5 dB ripple, I dB ripple, 2dB 
ripple .and 3dB ripple are allowed. It is a simple matter to add other kinds. 

LOWPASS AND HIGHPASS 

These are the Simplest cases. For the lowpass, we just take the continuous filter design directly. 

For the highpass, we merely invert the roots. This is simply done by dividing the conjugate of 

the root by its magnitude squared. Remembering that it is highpass, we go directly to the digital 

conversion . Both filters are designed with their 3dB point at 1. They must be scaled to the 

proper frequency. This is done simply by multiplying all the roots by that frequency. 
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BANDPASS AND BANDSTOP 

These are fhe most interesting· cases, for each original root must create two roots in the 

tran$formed filter. This is done by means of the following· transformations: 

(6
2 +w!) 

(81) p ... 
6 

for the bandpass case and for the bandstop case: 

(82) 

. Where P is the complex frequency variable of the original low-pass 
design. 

S is the complex frequency variable of the transformed filter. 

We is the geometric mean of the 3dB frequencies of the desired 

bandpass or bandstop filter 

We can see what this does to each pole of the original design by just substituting the complex 

frequency of the original pole as P in the above equations and solving for s; 

A + -V A2
-4W! A - -J A2

-4W! 
(83) 6 = 

2 2 

1 + -J 1-4A
2
W! 1 - -J 1-4A

2W! 
(84) s = 

2 2 

Where A is the complex frequency of one of the original low-pass poles. 

Again, (B3) is for the bandpass case and (B4) is for the bandstop case. To compute these 

numbers, we may use arctangentsand do it in magnitude-angle formulation, but we have found 

that the Cartesian coordinates give slightly more accuracy. To perform the complex square root, 

all we need ' to do is compute the square root of the length of A2_4w(J2 and compute the SINE 

and COSINE of one-half the angle of A2_4w,t This can be done as follows: 



(85) 

(86) 

(87) 

iSS ON DIGITAL FILTERS 

ex 
C ~ .j ex 2+{32 

C2 ~ -J1;C 

S2 ~ sgn({3) -J1 2C 

Where ex is the real part of A2_4wl}' 

{3 is the imaginary part of A2_4w,/, 

C is then the cosine of the angle of A2_4w,/, 

C2 is then the cosine of half the angle of A2-4wr/' 

S2 is then the sine of half the angle of A2_4w02, 

k is the magnitude of the square root of A 2_4wo 2. 

sgn ({3) is +1 if {3~0 and -1 if {3<0 

This is shown for the bandpass case, but may also be done for the bandstop case similarly. 

TRANSFORMATION TO DISCRETE 

A fter the transformation to the proper kind of filter, we may inspect for stability just by 

examining the real parts of the filter. We have found the filters designed this way all have 

negative real parts as high as 20th order. 

We then group the conjugate poles together for lump-transformation to a digital second-order 

section . The remaining real pole, if any; will be transformed into a first-order section . We can 

also order the poles according to Qfor what is hoped to produce minimum roundoff error. 

A fter the transformation, we can normalize the response so that certain frequencies have a 
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rnagnitude transfer function of 1.0. For the low-pass and bandstop cases, we wish 0 frequency to 

be passed with gain 1.0. For the high-pass case, it is infinite frequency (7f in discrete domain). 

For the bandpass case, it is We, the geometric mean of the 3dB frequencies. We can get this 

scale factor by computing it as we go along, or by computing it at the end of all the 

transformations. It is simple to compute at the end and is guaranteed to give the correct results, 

so this is what was llsed in ourprog-ram. We merely predict the transfer function at the critical 

frequency and multiply the first filter section input terms by the inverse of the predicted 

transfer function . 

This cornpletes the design of the filter . It is realized in cascade form as the conjunction of many 

second-order sections and possibly a single first-order section. 

1 
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